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Thermodynamic gauge-theory cascade

Ralf Hofmann
Institut für Theoretische Physik, Universita¨t Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany

~Received 15 April 2003; published 18 September 2003!

It is proposed that the cooling of a thermalized SU(N) gauge theory can be formulated in terms of a cascade
involving three effective theories with successively reduced~and spontaneously broken! gauge symmetries,
SU(N)→U(1)N21→ZN. The approach is based on the assumption that away from a phase transition the bulk
of the quantum interaction inherent to the system is implicitly encoded in the~incomplete! classical dynamics
of a collective part made of low-energy condensed degrees of freedom. The properties of~some of the!
statistically fluctuating fields are determined by these condensate~s!. This leads to a quasiparticle description at
the tree level. It appears that radiative corrections, which are sizable at large gauge coupling, do not change the
tree-level picture qualitatively. The thermodynamic self-consistency of the quasi-particle approach implies
nonperturbative evolution equations for the associated masses. The temperature dependence of these masses, in
turn, determines the evolution of the gauge coupling~s!. The hot gauge system approaches the behavior of an
ideal gas of massless gluons at asymptotically large temperature. A negative equation of state is possible at a
stage where the system is about to settle into the phase of the~spontaneously broken! ZN symmetry.

DOI: 10.1103/PhysRevD.68.065015 PACS number~s!: 11.10.Wx, 11.15.Ex
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I. INTRODUCTION

The behavior of quantum chromodynamics~QCD! at high
temperature has been an object of intense theoretical s
over the last decade. For a large part this effort was driven
the fascinating possibility to experimentally generate a n
state of matter—the quark-gluon plasma. Owing to
asymptotic freedom of QCD@1# the expectations were hig
that the physics of this plasma would be accessible to t
mal perturbation theory~TPT! for an experimentally realistic
range of temperatures above the deconfinement transitio
was soon discovered that the perturbative expansion of t
modynamic potentials is in principle limited to a finit
~nonanalytic! order inas , see@2# and references therein. A
asymptotically high temperatureT@Tc;LQCD TPT con-
verges well in calculations of the thermodynamic potentia
For realistic temperatures, however, the convergence of
naive perturbative corrections to the ideal-gas behavio
poor. Typically, one obtains an alternating behavior wh
destroys the predictivity of TPT. Hints on the presence
large nonperturbative effects in the deconfined phase are
to lattice simulations of the thermodynamic potentials. F
example, the lattice results for the QCD pressure atT;4Tc
are typically 20% lower than the Stefan-Boltzmann limit@3#.
To tackle these nonperturbative effects a combination of
mensionally reduced TPT and lattice QCD already turned
to be fruitful @4#. Hopefully it will generate an even deepe
understanding of the hot gauge dynamics in the future. At
time being, however, the only genuine predictive but unf
tunately not very insightful approach seems to be a p
lattice analysis. The present status of our understandin
hot ~311!D gauge dynamics is thus not overly satisfactor

In this paper we propose a cascade-type effective the
for hot gauge dynamics with ingredients that are genuin
nonperturbative. In this sense several ideas have been
forward in the past. An approach, which focuses on the n
perturbative aspects of hot gauge dynamics around the
confinement transition, was advocated in@5#. It is based on
0556-2821/2003/68~6!/065015~13!/$20.00 68 0650
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the Polyakov loop variable as the relevant degree of freed
in a dimensionally reduced 3D field theory. The Lagrang
of this theory is constrained by the demand of renorma
ability and the global Z3 symmetry. Under a number of as
sumptions an estimate of the Polyakov-loop correlator p
dicts the change of mass ratios across the transition
discussion of a hot~211!D Georgi-Glashow model was car
ried out in @6#.

To set up some of our conventions we now give a br
overview on the scenario which emerges in the present w
We consider the underlying dynamical principle to be a h
~311!D SU(N) Yang-Mills theory. In this introduction we
start our discussion at low temperature.

As in @6# the confining phase~referred to as the cente
phase! is characterized by condensed magnetic vortices
phase transition takes place at a critical temperatureTM↔C

c

where the magnetic gauge couplingsgn , belonging to an
Abelian Higgs model valid within some range of temper
tures aboveTM↔C

c , diverge. Typical Nielson-Oleson vortice
of this Abelian Higgs model, which are quasi-classical o
jects for temperature sufficiently larger thanTM↔C

c , become
zero-energy defects forgn→` and thus condense@7#. The
divergence of the gauge couplingsgn at TM↔C

c implies that
gauge bosons decouple from the dynamics forT,TM↔C

c .
Thus the effective theory, valid for temperatures belo
TM↔C

c , has no continuous gauge symmetry. We refer to
phase described by the Abelian Higgs model as the magn
phase. The validity of a magnetic description in a ran
TM↔C

c ,T,TM↔M
c derives from the fact that the gauge co

pling e in an electric phase diverges when the critical te
peratureTE↔M

c .TM↔C
c is approached from above. The e

fective electric description assumes that the underly
SU(N) theory is supplemented by an adjoint Higgs fie
which breaks SU(N) maximally, SU(N)→U(1)N21. On the
one hand, tree-level massless gauge bosons of the ele
phase remain tree-level massless and tree-level mas
gauge bosons decouple due tom}eufu. This phenomenon
©2003 The American Physical Society15-1
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renders the theory Abelian. On the other hand, magn
monopoles, which are quasi-classical objects deep inside
electric phase, become massless and thus condense. F
nite values of the magnetic couplingsgn at T,TE↔M

c mono-
pole condensates give mass to the magnetic gauge bo
The dynamics of the electric ground state derived in S
III A is such that the vacuum expectation value~VEV! of the
Higgs field modulus vanishes forT→`. Asymptotically, we
thus arrive at the fundamental pure gauge theory we assu
to be underlying the dynamics.

The paper is organized as follows. In Sec. II we set up
explain our approach. It rests on the assumption that SUN)
thermodynamics can be expressed in terms ofnoninteracting
quasi-particles and the~incomplete! classical dynamics de
scribing a condensed part—the ground state of the system
Secs. III and IV we show at the tree level how the therm
dynamic self-consistency of this assumption determines
nonperturbative evolution with temperature of the gau
couplings in the electric and magnetic phases. For the e
tric phase we briefly investigate in Sec. III C how radiati
corrections give masses to the tree-level massless g
bosons in the strong-coupling limit. A discussion of the co
fining phase, where the discrete subgroup ZN is broken spon-
taneously, is carried out in Sec. V. In Sec. VI we match
three different phases using Clausius-Clapeyron conditio
As a result our approach implies that SU(N) thermodynam-
ics is parametrized by a single mass scale. A summary an
outlook on future work is given in Sec. VII. In addition
some aspects of cosmological phase transitions are discu
in light of our approach.

II. GENERAL ASPECTS OF THE CONSTRUCTION

In this section we explain our approach to hot SU(N)
gauge dynamics. We start with the fundamental assump
that away from a phase transition quantum interactions
be expressed in terms ofnoninteractingquasi-particle statis-
tical fluctuations, that is, free-particle modes with aT depen-
dent mass, and in terms of the classical Euclidean dynam
of charged scalar Higgs field~s! $f% describing a condense
part of the system. The latter represents the ground sta
the theory at givenT. In the following we consider the situ
ation that the effective theory describing SU(N) thermody-
namics in some temperature range has a continuous g
symmetry.1 In such an effective description gauge fiel
$Am% can be present in an explicit form. They also can a
pear implicitly as condensed degrees of freedom~CDOF!
which are defined in terms of$Am%. At a given temperature
the CDOFs build the ground state whose dynamics is
scribed classically. We will see later that the assumption o
nonfluctuating, classical part in the system turns out to
self-consistent. Let us discuss this part in more detail. F
we consider a situation where explicit gauge fields are
sent. In this hypothetic case the scalar fields$f% represent
CDOFs without residual gauge field interactions. Conden
tion may occur in the limit where the to-be-condensed

1In Sec. V the case of a discrete symmetry will be discussed.
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grees of freedom carry no energy. Consequently, the con
sate would have vanishing energy density. In a macrosco
approach, where the resolution is comparable with temp
ture, this is a condition which must be imposed. We will re
to it as zero-energy condition~ZEC!. Scalar field configura-
tions, which solely depend on the Euclidean time coordin
x4, carry no energy density if they are Bogomolnyi-Prasa
Sommerfield~BPS! saturated solutions to the scalar-sec
equations of motion. To satisfy the ZEC nontrivially in the
mal equilibrium we thus have to construct a potentialV for
the fields$f% which permits periodic and BPS saturated s
lutions. In addition, the solutions$f% must yield anx4 inde-
pendence ofV. The required potential is of thef22 type.

Next we let explicit gauge fields enter the stage. In
thermalized system no spatial direction is singled out. T
part of the system being represented by statistically fluctu
ing ~quasi-!particles already satisfies this requirement.
consequence, theground stateought not carry any gauge
field curvature. This situation will be referred to as zer
curvature condition~ZCC! in the following. A gauge field
configuration, which is pure gauge and a solution to
gauge field equations of motion in the background of
scalar-field configuration, is needed. According to the ga
field equations of motion it is necessary for the existence
these pure gauge configurations that source terms van
This happens if gauge covariant derivatives annihilate
scalar backgrounds. As a result, the ZEC for the ground st
which was imposed in the absence of explicit gauge fields
violated. This phenomenon has the following interpretatio
The energy density of the ground state, given by the poten
V($f%), is generated by the CDOF interactions which a
mediated by explicit gauge fields. The alert reader may
ject that our ground state configurations are no longer ex
solutions to the Euclidean equations of motion since
gauge field equations were solved in thebackgroundof the
configurations$f% which, in turn, were obtained by solvin
scalar-sector BPS equations at$Am%50. The influence of the
explicit gauge fields on the scalar field configurations is th
ignored. In fact, viewing the ground state as a thermaliz
system by itself leads to a contradiction to the fundamen
thermodynamic relation for total pressurep and the total en-
ergy density«

«~T!5T
dp~T!

dT
2p~T!. ~1!

Relation~1! would directly follow from the~hypothetic! par-
tition function for such a system@8#. We conclude that con-
figurations, which satisfy the requirements of ZEC and ZC
but, at the same time, do not solve the Euclidean equation
motion completely, are thermodynamically inconsistent. T
is the point where the fluctuating part of the system com
in. It will be demonstrated in Secs. III B, IV B, and V B tha
the above-mentionedf22-type potentials for the Higgs field
imply large masses (@T) for the collective modes of the
CDOFs. These modes are thus of no statistical relevance
consequence, we are left with gauge-field QPEs. At tree le
their masses$m% are proportional to the product of a gaug
coupling and a Higgs-field modulus which both can be sm
5-2
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induced by Higgs mechanism

nonfluctuating gauge fields,
zero–curvature condition (ZCC)

purely scalar 
sector,
zero–energy

nontrivial
ground state

[nonperturbative evolution of 

ground state

condition (ZEC)

gauge coupling(s)]

mass of quasi–particle excitations (QPE’s)

fluctuating gauge fields,

QPE’s fluctuate 

      

(TSC) connects QPE’s with ground state. 

over nontrivial

thermodynamic self–consistency

FIG. 1. The construction of a thermodynamically self-consistent, effective gauge theory with a nontrivial ground-state struct
quasi-particle excitations.
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Let us now come back to the problem with the incompl
ground-state ‘‘solution’’ to the classical equations of motio
It is physically tempting to interpret the reaction of the co
densed sector, represented by the Higgs-field configurati
on the presence of zero-curvature gauge-field configurat
in terms of emission and absorption processes of gauge-
quasi-particle excitations~QPEs!. This renders the con
densed part a heat reservoir for the fluctuating gauge fie
In each emission process the ground state inherits some
properties to the QPE in the form of aT dependent massm.
This picture is thermodynamically self-consistent~TSC! if
the conditions@8#

]$m%p50 ~2!

are satisfied. Notice that in Eq.~2! the pressurep has a
ground-state component and a component due to QPE
tree-level consequence of Eq.~2! is the prediction of the
nonperturbative evolution of the gauge couplings2 in the
cooling system. When some critical temperatureTc is ap-
proached the couplings diverge at some finite Higgs-fi
modulus. This means that the tree-level massive ga
bosons whose mass is proportional to the gauge coup
times the Higgs-VEV modulus, decouple from the dynami
It also implies that topological defects, whose action sca
with an inverse power of the gauge coupling, start to beh
extremely quantum mechanically. They condense and f
the ground state of the subsequent phase of reduced~gauge!
symmetry at lower temperature. We have summarized
construction graphically in Fig. 1.

How does thermal perturbation theory comply with th
picture? At high temperature one naively expects it to yiel
good description due to asymptotic freedom. It is we
known, however, that a straightforward expansion in pow
of as can be carried out in perturbation theory only up to
finite order due to the magnetic screening problem. Mo
over, a perturbative expansion of the thermodynamic po

2Radiative corrections do not change the qualitative picture;
Sec. III C.
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tials converges only poorly even at temperatures consi
able larger thanTc. Reorganizations of perturbation theo
have been suggested which amount to mathematical man
lations of the weak coupling expansion and thus are o
mere academic value. More promising are variational
proaches such as screened perturbation theory@9#. Specifi-
cally, hard thermal loop perturbations theory~HTLPT! uses a
variational mass parametermD identified with the Debye
screening mass in a weak coupling expansion in gluodyn
ics. ForT>10Tc the approach seems to yield a stable res
for the thermodynamic pressure as one goes from leadin
next-to-leading order in the loop expansion@10#. With de-
creasingT stability gets worse and the disagreement with
lattice becomes large. A matching of our approach w
HTLPT can be performed by demanding that the typi
Higgs induced gauge boson mass in the electric phase,
Sec. III B, and its first derivative with respect toT coincide
with mD and dmD /dT, respectively. These are two cond
tions for two unknown quantities, namelyTmatchandLE , see
Sec. III A.

We conclude this section with the remark that thermod
namic models assuming a phenomenological ground-s
energy, a phenomenological ground-state pressure, and
onic QPEs have been fitted to lattice data for the total ene
density, the total pressure, and the entropy of hot SU~2! and
SU~3! Yang-Mills theories@8,11# and hot QCD@12#. It was
found in all cases that the common massmg of the quasi-
particles rises rapidly when the critical temperature of
deconfinement transition is approached from above—
qualitative agreement with our present discussion.

III. VERY HIGH TEMPERATURE: ELECTRIC PHASE

A. Model and ground-state structure

At very high temperature we consider the following E
clidean action:

SE52E
0

x4
dtE d3xH 1

2
tr@GmnĜmn#

1tr@DmfDmf#1V~f!J , ~3!
e

5-3
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where field strength and covariant derivative are, resp
tively, defined as

Gmn5]mAn2]nAm1 ie@Am ,An#,

Dmf5]mf1 ie@Am ,f#,

An5An
ata ~a51, . . . ,N221!. ~4!

The hat symbol on top of the gauge kinetic term in Eq.~3!
indicates that certain classes of one-particle irreducible~1PI!
Feynman diagrams, which would follow from the usu
gauge Lagrangian, are forbidden, see Sec. III C. The Her
ian and traceless matricesta are the generators of SU(N) in
the fundamental representation. They are normalized
tr tatb5 1

2 dab. We assume that SU(N) is spontaneously bro
ken as

SU~N!→U~1!N21 ~5!

by the VEV of an adjoint Higgs field,

f5fata ~fa real!. ~6!

In pure SU(N) gauge theory such a field does not exist
the fundamental level. It is assumed here that the Higgs V
of Eq. ~6! forms due to the condensation of topological d
fects. The so-called calorons@13# are possible candidates
Calorons are nontrivial-holonomy and BPS saturated s
tions to the classical, Euclidean Yang-Mills equations at
nite T. An isolated caloron thus carries no energy, and c
sequently it qualifies for a CDOF. For SU(N) there areN
BPS magnetic monopole constituents in each caloron. T
manifest themselves the stronger as lumps in the action
sity the lowerT. The overall magnetic charge of a caloron
zero. The presence of constituent BPS monopoles is a cru
fact which we will come back to in Sec. III B. It is conceiv
able that the assumed condensation of the adjoint Higgs
~6! is microscopically driven by interacting calorons and a
ticalorons. ForN.2 a possiblelocal definition of fa in
terms of fundamental fields is

fa}dabc^Gmn,bGmn,c&, ~7!

where dabc denotes the tensor defined by trta$tb,tb%
5Ddabc. It is also possible that the Higgs VEV of Eq.~6!
has anonlocaldependence on the fundamental fieldsAm .

A gauge boson, which is defined with respect to the g
eratorta, acquires the following mass-squared:

~ma!2522e2 tr@f,ta#@f,ta#. ~8!

We will refer to the (N21) gauge fields, which remain
massless at the tree level, as tree-level massless~TLM !. The
modes of theN(N21) massive gauge fields are QPEs at
tree level. We will refer to them as the tree-level hea
~TLH!. In principle, there are in addition QPEs from th
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non-Goldstone directions of the Higgs-field excitations. W
will show in Sec. III B that these possible excitations a
statistically irrelevant over the entire relevant temperat
range.

Since the Higgs VEVf is a Hermitian~traceless! matrix
we can always reach a gauge wheref is diagonal. We refer
to this gauge as the diagonal gauge~DG!. For a maximal
symmetry breaking, SU(N)→U(1)N21, all eigenvalues off
must be different. In DG and for evenN a possible traceles
Higgs VEV is

f5diag~f̃1 ,f̃2 , . . . ,f̃N/2!, ~9!

where

f̃ i[uf̃ i u
t3

2
, uf̃ i u[A2 tr f̃ i

2, ~10!

t3 refers to the third Pauli matrix, anduf̃ i uÞuf̃ j u.0
( iÞ j ) are real numbers. For oddN the Higgs VEV in DG
can be taken as

f5diag~f̃1 ,f̃2 , . . . ,f̃ (N21)/2,0!, ~11!

where the last entry is not a matrix but a number. We n
relax the DG by allowing for SU~2! subgroup rotations to ac
on the matricesf̃ i . We refer to this incompletely fixed gaug
as RDG. To avoid repetition we will address explicitly on
the case whenN is even. A gauge invariant potentialV is
defined as3

V~f![tr@V 1/2
† V1/2#5

1

2
LE

6(
i 51

N/2
1

uf̃ i u2
5

1

16
LE

6tr~f2!21.

~12!

In RDG we define

V1/2[LE
3diagS e2 id1t3

f̃1

uf̃1u2
, . . . ,e2 idN/2t3

f̃N/2

uf̃N/2u2
D .

~13!

In Eqs.~12! and~13! LE denotes a mass scale. According
our general approach~see Sec. II! we first disregard the
gauge field sector. To describe the ground state in ther
equilibrium uf̃ i u must not depend on any coordinatexm since
it determines the potential in Eq.~12!. Moreover,f must be
periodic in x4. For a zero-energy configuration the kinet

3For odd N the summation index and the label run up to (N
21)/2 in Eq. ~12! and in Eqs.~13!, ~15!, ~17!, ~20!, ~21!, respec-
tively. In Eqs.~13!, ~15!, and~20! the number zero is the last entr
on the right-hand sides. The expression to the very right in Eq.~12!
translates into 1

16LE
6tr(fb

2)21 for odd N. The block matrixfb is

defined asfb[diag(f̃1 ,f̃2 , . . . ,f̃ (N21)/2). Notice that tr(fb
2)21

is a gauge invariant quantity.
5-4
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THERMODYNAMIC GAUGE-THEORY CASCADE PHYSICAL REVIEW D68, 065015 ~2003!
term in the Euclidean action~3! is equal to the potentia
term. Solutions to the ‘‘BPS’’ equation

]x4
f5V1/2 ~14!

are guaranteed to satisfy this last condition. Ford i5
6(p/2) ~14! has periodic solutions, namely,

fk1 , . . . ,kN/2
~x4!5A LE

3

2pT
diag~ uk1u21/2t1

3exp@2p ik1Tt3x4#, . . . ,ukN/2u21/2t1

3exp@2p ikN/2Tt3x4# !. ~15!

Notice thatufk1 , . . . ,kN/2
u vanishes for asymptotically largeT,

T@LE . We thus recover the pure gauge theory. Due
asymptotic freedom perturbation theory should be applica
in this limit. TheT dependence of the solutions~15! ensures
that thermodynamic potentials asymptotically approach th
respective ideal-gas limits. In Eq.~15! the numberski denote
positive or negative integers. Their modulus counts the nu
ber of times each SU~2! block winds around the pole atf
50 in Eq.~13! asx4 runs from zero tob. Each block can be
gauge rotated to the form in Eq.~9! by SU~2! subgroup
transformations. Consequently, for the solution~15! to break
SU(N)→U(1)N21 we have to impose

uki u5” ukj u ~ i 5” j !. ~16!

The minimal way to satisfy~16! in view of the resulting
potential is

k151, k252, . . . ,kN/25N/2. ~17!

Equations~17! imply

V~ uf1, . . . ,N/2u![BE~T!

5
p

8
NS N

2
11DLE

3T ~even N!,

V~ uf1, . . . ,(N21)/2u![BE~T!

5
p

16
~N221!LE

3T ~odd N!. ~18!

Next explicit gauge fields may enter the stage. The gro
state of the system is described by a zero-curvature con
ration, Gmn[0. Taking f1, . . . ,N/2 as a background in the
equations of motion for the gauge fields,

DmGmn52ie@Dnf,f#, ~19!

is consistent with zero curvature: ForGmn to be zero it is
necessary that the right-hand side of Eq.~19! vanishes. This
happens ifDnf50. For the backgroundf1, . . . ,N/2 it is easily
checked that the pure-gauge configuration
06501
o
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ir

-

d
u-

An
1, . . . ,N/25dn4

4pT

e
diagS t3

2
,2

t3

2
, . . . ,

N

2

t3

2 D ~20!

satisfies the conditionDnf1, . . . ,N/250. ThereforeAn
1, . . . ,N/2

solves the equations of motion~19! at zero curvature. When
evaluated on the configurations

~f1, . . . ,N/2 ;An
1, . . . ,N/2!, ~21!

the action density in Eq.~3! reduces to the potential~18!.

B. Thermal self-consistency and quasi-particles

To decide which QPEs are statistically relevant t
masses of the associated fields have to be estimated. In
section we will be content with a tree-level analysis. QP
fluctuate about the configuration~21!. On the one hand, we
find at evenN for non-Goldstone like scalars

ms,k

T
[A] uf̃ku

2 V/T5A12pk S k51, . . . ,
N

2 D . ~22!

Equation~49! indicates that non-Goldstone like fluctuation
are strongly Boltzmann suppressed. They can safely be
glected in the following. On the other hand, for TLH gau
bosons the mass-to-temperature ratios

mE,a
TLH

T
@a51, . . . ,N~N21!# ~23!

depend linearly on the gauge coupling modulusueu and on
the ratios uf̃ku/T. Both quantities can be small, and thu
gauge modes are possibly fluctuating. In DG, wheref rs
5f rd rs (r ,s51, . . . ,N), we may define theN(N21) nor-
malized generators, which correspond to the TLH gluons
follows:

t rs
IJ5

1

2
~d r

I ds
J1ds

I d r
J!, t̃ rs

IJ52
i

2
~d r

I ds
J2ds

I d r
J!

~ I 51, . . . ,N, J.I !. ~24!

Substituting~24! into ~8! yields

~mIJ!25e2~f I2fJ!
2 ~25!

for both generatorst IJ and t̃ IJ. According to Eq.~25! this
leads to twofold and fourfold degeneracies of gauge bo
masses in the spectrum. The lowest massmE

TLH is
5-5



mE
TLH5ueu 5

A LE
3

pTNS 1

A12
2

N

21D ~even N!,

A LE
3

pT~N21!

1

2
21 ~odd N!.

~26!
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For simplicity we will set all massesmE,a
TLH equal tomE

TLH in
the following. Using Eq.~25! it is straightforward to take
TLH masses into account exactly forN given. When estimat-
ing the pressure component arising from TLH modes
approximationmE,a

TLH5mE
TLH yields an upper bound.

The total pressure of the system is

pE[T
d ln ZE

dV
~27!

whereZE denotes a partition function,

ZE}TrperiodicexpFSE
free2

BEV

T G , ~28!

andV is the~infinite! three-dimensional~box-!volume of the
system. The actionSE

free decomposes into a part for th
N(N21) noninteracting TLH gauge bosons and a part
the (N21) noninteracting TLM gauge bosons. The ener
density of the ground state,BE(T), is defined in~18!. The
total pressurepE follows from ~27! and ~28! as

pE5pE
id2BE~T!. ~29!

The total energy density«E

«E5T
dpE~T!

dT
2pE~T! ~30!

assumes the same form as in the case ofBE5const, mE
TLH

5const,

«E[«E
id1BE~T!, ~31!

provided that the condition

]pE

]mE
TLH

5
]pid

]mE
TLH

2
]BE

]mE
TLH

50 ~32!

is satisfied@8#. In Eqs. ~29! and ~31! pE
id(«E

id) denote the
pressure~energy density! of an ideal gas of (N21) TLM
gluons~2 polarizations! andN(N21) TLH gluons~3 polar-
izations!
06501
e

r
y

pE
id[2

T4

2p2
@2~N21!P~0!13N~N21!P~aE

TLH!#,

«E
id[

T4

2p2
@2~N21!E~0!13N~N21!E~aE

TLH!#,

aE
TLH[

mE
TLH

T
,

P~a![E
0

`

dxx2log@12exp~2Ax21a2!#,

E~a![E
0

`

dxx2
Ax21a2

exp~Ax21a2!21
. ~33!

Equation~32! expresses the TSC of the approach. Substi
ing ~18! and ~33! in ~32! and performing a few elementar
manipulations yields

dlE

daE
TLH

52
12

~2p!6
lE

4aE
TLHD~aE

TLH!H N21

N12
~even N!,

N

N11
~odd N!.

~34!

The following definitions have been made:

TE[
LE

2p
, lE[

T

TE
,

D~a![E
0

`

dx
x2

Ax21a2

1

exp@Ax21a2#21
. ~35!

The evolution equation~34! can be solved numerically. Fig
ure 2 shows a plot of the functionaD(a) which appears on
the right-hand side of Eq.~34!. This function is peaked a
a51, and it is positive definite. As a consequence, the rig
hand side of Eq.~34! is negative definite. It is thus possibl
to invert lE5lE(aE

TLH) into a functionaE
TLH(lE). Notice

that in deriving~34! we have assumed that the gauge co
pling e depends onT only implicitly via aE

TLH . The defini-
tions foraE

TLH in ~33! and forlE in ~35! can be inserted into
5-6
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~26!, and the result can be solved for the gauge-coup
modulusueu. We arrive at the followinglE dependence

ueu~lE!5A lE
3

8p2
aE

TLH~lE!

35
ANS 1

A12
2

N

21D ~even N!,

AN21S 1

A12
2

N21

21D ~odd N!.

~36!

For N510 we will discuss the solutions to Eq.~34! more
carefully in Sec. VI. At this point it is only important to
notice that for a given value ofN and given initial conditions
(lE

i ,aE
i ) the inverted solutionaE

TLH(lE) diverges at some
finite, critical valuelE

c ,lE
i . We associate this value wit

the critical temperature

TE↔M
c 5

LE

2p
lE

c . ~37!

According to Eq.~36! the behavior

aE
TLH→` as T↘TE↔M

c ~38!

implies that also the gauge couplinge diverges for
T↘TE↔M

c .
Our approach to the ground-state dynamics was a ma

scopic, thermodynamic one. On a microscopic level, tha
when probing the system with momenta larger thanT, the
ground state no longer is spatially homogeneous. We alre
pointed out that a good candidate for the CDOFs are
orons. Calorons have BPS monopole constituents. The m
of a singly charged BPS magnetic monopole of an SU~2!
embedding labeled byk is given as@14#

2 4 6 8 10
a

0.1

0.2

0.3

0.4

0.5

0.6

0.7

a D

FIG. 2. The functionaD(a).
06501
g

o-
s,

dy
l-
ss

Mmon5
4p

ueu
uf̃ku. ~39!

In Eq. ~39! uf̃ku denotes the modulus of one of the SU~2!
blocks which were obtained in Eq.~15!. Obviously, for
T↘TE↔M

c the mass of the magnetic monopole vanish
Mmon→0. This renders monopoles, which are released
the calorons atTE↔M

c , good candidates for CDOFs. We e
pect a transition from the monopole uncondensed to
monopole condensed phase to occur atTE↔M

c .

C. Radiatively induced mass for TLM modes

We have relied on a tree-level analysis in Sec. III B. A
cording to our fundamental assumption all effects of the
teraction between QPEs are encoded in theirT dependent
masses. This constraint ought to be maintained on the q
tum level. Starting from a one-particlereducibleself-energy
diagram, the generation of a 1PI self-energy diagram by
ditional gauge boson exchange~s! is forbidden. This 1PI dia-
gram would double-count the interaction in our approa
based on QPEs. One may formulate the constraint in a m
eidetic way: The exchange of a gauge boson between
clusters in a one-particlereducible diagram would corre-
spond to a consideration of long-range correlations. Th
correlations are already accounted for by the ground-s
dynamics which is responsible for the TLH masses at t
level.

We have used in Sec. III B and will exemplarily demo
strate in Sec. VII that the gauge couplinge is weak forT
@TE↔M

c and that there is a strong coupling regime forT
;TE↔M

c . At weak coupling radiative corrections to the tre
level masses are of the usual~resummed! perturbative
screening type. At lowest order inueu we have

Dmsc;ANueuT. ~40!

For ueu!1 this correction is thermodynamically irrelevan
At large coupling,ueu@1, the masses of TLH modes ar
large. Thus TLH modes are thermodynamically irreleva
TLH quantum fluctuations do radiatively induce masses
the TLM modes. Recall that TLM gauge bosons live in t
Cartan sub-algebra. Thus they do not have a vertex with
another. They can only couple by means of intermedi
TLH particles. For the following discussion of the stron
coupling regime we assume that magnetic monopole do
appear as propagating degrees of freedom. Atueu@1 the
TLH propagators reduce to 1/(mE

TLH)2}e22. This leads to a
power counting ine22 for each TLM self-energy diagram
Our discussion uses the DG. The nonrenormalizability of t
gauge is not an issue in our effective theory. In DG lo
integrals are cut off at momenta;T. The overall power of
e22 belonging to a TLM self-energy diagram is nevernega-
tive which can easily be proven by induction. In Fig. 3 som
1PI contributions to the radiatively induced TLM mass
lowest order ine22 are shown. It is not hard to see that th
use of a one-loop resummed TLH propagator~summation of
TLM tadpoles! in diagrams~a! and ~c! leads to radiatively
generated contributions to the TLM mass;ANT. Correc-
5-7
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FIG. 3. Some 1PI self-energy diagrams appearing at lowest order (e22)0 in the regimeT;TE↔M
c . According to our quasi-particle

approach diagrams~a!, ~b!, ~c!, and~d! are allowed. Diagram~e! is forbidden since it can be obtained from a one-particle-reducible diag
by the additional exchanges of two TLM gauge bosons. TLM and TLH fields are denoted by wavy and straight lines, respectively
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tions are controlled by powers of the small parameterN
21)21(TE /T)3. It thus appears that the radiatively gene
ated mass of TLM gauge bosons stays finite in the limitueu
→`. To satisfy TSC with loop-induced masses for TL
modes is more involved than at tree level. One can exp
loop-induced masses for TLM modes byaE

TLH and the gauge
coupling ueu. As a consequence, the partial pressure exe
by TLH modes depends onT, aE

TLH , andueu. The latter can
be expressed byaE

TLH using Eq.~36!. Imposing TSC@Eq.
~32!# we see that radiative corrections lead to the occurre
of an additive correction to the right-hand side of Eq.~34!
due to the TLM modes becoming loop-induced QPEs.
though we have not investigated this term in detail we do
expect it to lead to a qualitative change of the tree-le
behavior. After all the prefactor of the associated integra
down by;(N21)21 due to the smaller number of degre
of freedom associated with TLM modes. Clearly, an analy
involving higher 1PI irreducible loop orders is needed. W
leave this analysis for future work.

IV. HIGH TEMPERATURE: MAGNETIC PHASE

A. Model and ground-state structure

We have noticed in Sec. III B that theN(N21) TLH
gauge bosons in the electric phase, which correspond to
broken generators of the coset SU(N)/U(1)N21, decouple
from the dynamics at the pointTE↔M

c . The surviving gauge
symmetry is U(1)N21. This symmetry is spontaneously bro
ken by the condensation of (N21) monopole species. W
introduce a classical, complex scalar fieldfn for each of
these condensates. There is a gauge fieldBm

(n) for the nth
U~1! symmetry. This field is coupled with strengthgn to the
condensatefn . The associated field strengthFmn

(n) and the
covariant derivativeDm are defined as

Fmn
(n)5]mBn

(n)2]nBm
(n) , Dm

(n)5]m1 ignBm
(n) . ~41!

The Euclidean action at finiteT reads

SM52E
0

b

dx4E d3xH 1

4 (
n51

N21

Fmn
(n)Fmn

(n)

1
1

2 (
n51

N21

@Dm
(n)fnDm

(n)fn1V(n)~ ufnu!#J . ~42!
06501
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ss
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We defineV(n)[V̄1/2
(n)V1/2

(n) with

V̄1/2
(n)5e2 idn

LM
3

f̄n

, V1/2
(n)5eidn

LM
3

fn
~43!

whereLM denotes a mass scale. According to our gene
approach~see Sec. II! we ignore the gauge field sector whe
searching for zero-energy solutions of the scalar sec
which are periodic inx4. The associated BPS equations re

]4fn5V̄1/2
(n) , ]x4

f̄n5V1/2
(n) . ~44!

For dn[p/2 in Eq. ~43! Eqs.~44! are solved by the follow-
ing periodic functions:

fn~x4!5A LM
3

2pnT
exp@2pniTx4#. ~45!

The choice of the winding numbern in Eq. ~45! is in analogy
to that in the electric case. For maximal symmetry breakin
minimal solution with unit increment of winding betwee
neighboring SU~2! blocks was used in~15!, and~45! is just
an implementation of this prescription in the magnetic pha

The nonfluctuating gauge fields of the ground state
zero-curvature solutions to the (N21) Maxwell equations in
the backgrounds~45!

]mFmn
(n)5 ign@Dnfnfn2f̄nDnfn#. ~46!

We have

Bn
(n)52dn4

2pn

gn
T. ~47!

The solutions~47! imply the absence of the kinetic terms
~42!, and consequently the action density reduces to the
tential term

(
n51

N21

V(n)~ ufnu![BM~T!5pN~N21!LM
3 T. ~48!
5-8
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B. Thermal self-consistency and quasi-particles

The considerations concerning TSC are in close anal
to the tree-level approach to TSC in the electric pha
Again, non-Goldstone scalar modes are too heavy to be
tistically relevant. We have

ms,n

T
[A1

2
] ufnu

2 V(n)/T5A12pn ~n51, . . . ,N21!.

~49!

So the only fluctuating fields are the (N21) gauge fields.
Their modes can be identified with noninteracting QPEs
temperature dependent massesmM ,n5ugnfnu. Due to the
Abelian nature of the theory there are no radiative corr
tions to these masses reduced by the quantum restriction
gauge bosons. For simplicity we assume that all ga
bosons masses are given by the lowest value,

mM ,n[mM[ugN21fN21u[uguA LM
3

2p~N21!T
. ~50!

This approximation leads to an upper bound for the press
exerted by the QPEs in the magnetic phase. Similar to
electric phase the total pressurepM and the total energy den
sity «M are given as

pM5pM
id2BM~T!, «M5«M

id1BM~T!. ~51!

We have defined

pM
id52

3~N21!T4

2p2
P~aM !, «M

id5
3~N21!T4

2p2
E~aM !,

aM[
mM

T
. ~52!

The functionsBM(T) and P(a), E(a) are defined in Eqs
~48! and~33!, respectively. TSC of the approach~51! is guar-
anteed if@8#

]pM

]mM
5

]pM
id

]mM
2

]BM

]mM
50. ~53!

Equations~51!, ~52!, and~53! imply the following evolution
equation:

dlM

daM
52

12

~2p!6N
lM

4 aMD~aM !, ~54!

wherelM[T/TM , TM[LM /(2p), andaD(a) is defined in
Eq. ~35!. Again, it has been assumed thatg depends onT
only implicitly via aM . An inverted solution to Eq.~54!,
aM(lM), implies the followingM dependence of the cou
pling ugu:

ugu~lM !5A~N21!lM
3

4p2
aM~lM !. ~55!
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In analogy to the electric phase coupling constantsgn di-
verge forT↘TM↔C

c [lM
c TM . On a microscopic level, tha

is, for resolutions larger thanT, the theory has Nielsen
Oleson vortices~NOVs! @7# for each of the (N21) sponta-
neously broken U~1!s. For small couplingsgn!1 these vor-
tices behave like classical objects. It is argued in@7# that in
the limit of strong couplinggn@1 the action of a typical
NOV line ~with a length comparable to the width! is }gn

22 .
This means that the energy carried by a typical NOV va
ishes in this limit. Atgn@1 NOVs are thus good candidate
for CDOFs, and we expect that a transition to a phase oc
where they appear only collectively in condensed form.

V. LOW TEMPERATURE: BROKEN CENTER SYMMETRY

Model and ground-state structure

At T5TM↔C
c the remaining (N21) gauge bosonsB(n)

are infinitely heavy, and thus they decouple from the dy
mics. Continuous gauge symmetry is reduced to a symm
under the discrete subgroup of SU(N): ZN . The possibility
has been discussed in@15# that gauge theories masquerade
theories with a discrete symmetry when viewed from a lo
energy observers perspective. We identify the center ph
with the confined phase of the underlying SU(N) gauge
theory.

We have argued in Sec. IV B that the termination of t
magnetic phase is due to the condensation of NOVs.
introduce complex scalar fieldsFn (n51, . . . ,N21) for the
condensate of each vortex species and consider the follow
ZN-symmetric action:

SC52E
0

x4
dtE d3x

1

2 (
n51

N21

$]mFn]mFn1v (n)~Fn!%,

~56!

wherev (n)[v1/2
(n)v1/2

(n) . The functionsv1/2
(n) andv1/2

(n) are defined
as

v1/2
(n)5exp@ idn#S LC

3

Fn
2

Fn
N21

LC
N23D ,

v1/2
(n)5exp@2 idn#S LC

3

F̄n

2
F̄n

N21

LC
N23D , ~57!

andLC denotes the confinement scale. A nontrivialZN trans-
formation acts by a multiplication of each fieldFn with one
and the same unit root exp@2pil /N# ( l 51, . . . ,N21). Notice
that only the pole part survives in Eq.~57! for uFnu,LC and
N→`. Periodic solutions to the BPS equations

]x4
Fn5v (n)

1/2, ]x4
F̄n5v1/2

(n) , ~58!

exist for dn56p/2. For N→` and uFnu,LC they are
given by the functions in Eq.~45!. The action density on
these solutions reads
5-9
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23 (
n51

N21

v (n)~ uFnu![BC~T!52pN~N21!LC
3 T52pC .

~59!

For N→` the modulus of the fieldsFn is locked atuFnu
5LC since the curvature of the potential at this point
verges, see~60!. Along the ‘‘trench’’ uFnu5LC the potential
is zero. SolutionsFn to Eq.~58! are no longer approximating
the classical, Euclidean dynamics as in the cases with s
taneously brokencontinuousgauge symmetry, they are ex
act. We observe that the masses of possible scalar QPE
large forN→`

mFn
[A] uFnu

2 v (n)5HA12pnT ~ uFnu,LC!,

A2NLC ~ uFnu5LC!.
~60!

These QPEs are thus thermodynamically irrelevant. Due
the exactness of the solutionsFn it should not matter
whether we calculate the energy density«C in the classical
field theory on the one hand or by applying the thermo
namic relation

«C5T
dpC~T!

dT
2pC~T! ~61!

to the pressurepC defined in~59! on the other hand. Indeed
both approaches yield«C50 for the nontrivial situation
uFnu,LC : Field theoretically due to the BPS saturation
the Fn , thermodynamically due to the linear dependence
pC on T. Notice that foruFnu,LC the thermodynamic pres
sure is negative while the energy density vanishes. This s
ation is resolved by a violent relaxation of the fieldsFn to
uFnu5LC where both pressure and energy density vanis

Things are more complicated forN,`. In this case there
still are periodic solutionsFn to Eq.~58!, see@16#. However,
the modulusuFnu now depends onx4. This implies anx4

dependence of the massesmFn
[AuFnuv (n). As a conse-

quence a thermodynamic quasi-particle treatment fails
real-time, non-equilibrium approach is needed to desc
the relaxation of ^Fn& to one of the minima Fn*
5LCexp@2pil /N#. Notice that energyand pressure vanish a
Fn* . It is worth mentioning that the potential(n51

N21v (n) in
Eq. ~56! has no inflexion point forN,9. In any case we
expect a rapid relaxation on a time scaleDt;mF

21uF
n*

5LC /A2N. This relaxation is accompanied by a viole
~glue ball! particle production@18#.

VI. MATCHING THE PHASES

Let us now relate the scalesLE , LM , andLC by impos-
ing the Clausius-Clapeyron condition that temperature
pressure are continuous across the phase boundaries. W
discuss the transition from the electric to the magnetic ph
At the critical temperatureTE↔M

c the massesmE,a
TLH of the

N(N21) TLH gauge bosons diverge since the electric c
pling e diverges. Thus these degrees of freedom decou
from the dynamics. Their contribution to the total pressu
vanishes. Since the couplingsgn areinverselyproportional to
06501
n-

are

to

-

f

u-

A
e

d
first
e.

-
le
e

the electric couplinge and since the gauge boson masses
the magnetic phase are given asmM ,n5ugnfnu we conclude
that very close toTE↔M

c there are (N21) massless gaug
bosons on either side of the transition point. This is an i
alization since radiative corrections do generate siza
masses for the TLM modes in the electric phase; see
discussion in Sec. III C. For simplicity we assume tree-le
behavior in the following.4 The condition

pE~TE↔M
c !5pM~TE↔M

c ! ~62!

implies the following relation betweenLE andLM :

LE5LMH S 16
N21

N12D 1/3

~even N!,

S 16
N

N11D 1/3

~odd N!.

~63!

For the transition from the magnetic to the center symme
phase atTM↔C

c no QPEs have to be considered ifN is suf-
ficiently large. The reasons are diverging massesmM ,n of the
gauge bosons forT↘TM↔C

c and the strong Boltzmann sup
pression of scalar excitations in the center symmetric ph
see Eq.~60!. For largeN the condition

pM~TM↔C
c !5pC~TM↔C

c ! ~64!

implies that

LM521/3LC . ~65!

Equations~63! and ~65! express the fact that there is on
one freely adjustable mass scale describing the gauge th
cascade.

VII. NUMERICAL DEMONSTRATION OF THE CASCADE

In this section we numerically solve the evolution equ
tions ~34! and ~54! to demonstrate exemplarily the behavi
which we relied upon in the discussions of the previous s
tions. In order to have some confidence in Eq.~65!, which
only at largeN is a good approximation, we setN510 in the
following. For small values ofN, as they occur in the SU(N)
factors of the standard model, in technicolor models, a
grand unified theories, the matching between the magn
and the center phases can, in principle, be performed num
cally.

We start with a calculation of the running QPE mass
the electric phase. ForN510 the evolution equation~34!
takes the following form:

dlE

daE
TLH

52
9

~2p!6
lE

4aE
TLHD~aE

TLH!. ~66!

4On the magnetic side gauge bosons start out massless. Thus
are two polarizations forT;TM↔C

c . A smooth interpolation to a
situation at lowerT, where all gauge bosons are sufficiently mass
to carry three polarizations, must be operative.
5-10
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We assume thataE
TLH50 at the initial temperatureTE

i

5@lE(aE
TLH50)/2p#LE . Figure 4 shows a numerical solu

tion to Eq. ~66! for lE(0)5100. Keeping in mind the tree
level relation ~36!, we notice that the couplinge grows
strong (ueu.1) well before saturation. This saturation occu
at lE

c ;10, see Fig. 4. The~weak! dependence on the initia
conditions of the critical temperatureTE↔M

c 5(lE
c /2p)LE is

demonstrated in Fig. 5.
Let us now discuss the magnetic phase. ForN510 the

evolution equation~54! takes the following form:

dlM

daM
52

6

5

1

~2p!6
lM

4 aMD~aM !. ~67!

According to Eq.~63! the initial valuelM(0) is related to the
critical valuelE

c as

lM~0!5lE
c 5 S 16

N21

N12D 1/3

~even N!,

S 16
N

N11D 1/3

~odd N!.

~68!

FIG. 4. The numerical solution to Eq.~66! for lE(0)5100.

FIG. 5. Dependence of the saturation valuelE
c on the initial

conditions.
06501
For N510 this leads to

lM~0!5~12!1/3lE
c ;2.3lE

c . ~69!

Figure 5 suggests a value oflE
c 510. Using Eq.~69! we may

takelM(0)523 as an initial value for the evolution oflM .
The corresponding solution to Eq.~67! is shown in Fig. 5.
Notice the smallness of the temperature range belongin
the magnetic phase: saturation oflM ~or the transition to the
center phase! occurs at about TM↔C

c ; 17
23 TE↔M

c

;0.74TE↔M
c . Figure 6 suggests the following value forlM

c :

lM
c 51752p

TM↔C
c

LM
. ~70!

Finally, by virtue of Eqs.~65! and ~70! the critical tempera-
ture TM↔C

c can be expressed in terms of the confinem
scaleLC as

TM↔C
c ;3.4LC ~N510!. ~71!

At the temperaturesTC
n 5LC/2pn the field moduli uFnu

would get locked in the limitN→`. The lowest valueTC
1

5LC/2p is much smaller thanTM↔C
c . According to Eq.

~45! we have uFnu!LC for T@T1. Thus the potential is
dominated by its pole parts, and the use of the match
relation ~65! is consistent.

VIII. SUMMARY AND OUTLOOK

The results of SU(N) lattice gauge theory simulations o
the thermodynamic potentials indicate a considerable de
tion from the ideal-gas behavior even for temperatures lar
than Tc

dec @3#. These effects are not captured by naive, u
summed thermal perturbation theory which by poor conv
gence predicts its own breakdown for experimentally fe
sible temperatures@2#. The purpose of this paper was t

FIG. 6. The solution to Eq.~67! for lM(0)523. This value of
lM(0) matches the evolution in the electric phase.
5-11
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construct an alternative approach to hot SU(N) gauge dy-
namics. It is based on the assumption that away from a ph
transition the bulk of the quantum interaction in the system
residing in the collective properties of condensed low-ene
degrees of freedom. Incomplete classical dynamics was
sumed to describe this condensed part. This assump
turned out to be self-consistent. To satisfy in addition
constraints imposed by thermodynamic equilibrium, nam
zero gauge curvature and coordinate independent pressu
the ground state,f22-type potentials for the Higgs-field
VEVs $f% were required.

Due to the spontaneous gauge symmetry breaking, w
is induced by the condensed part,~some of! the statistically
fluctuating degrees of freedom become quasi-particle exc
tions at the tree level. The very existence of quasi-partic
was necessary for the thermodynamic self-consistency of
approach. The nonperturbative evolution of the gauge c
pling~s! with temperature is a consequence of thermo
namic self-consistency. This evolution is from weak
strong coupling as temperature decreases. Generically
situation at very large coupling~s! is as follows: On the one
hand, topological defects, which behave quasi-classicall
small coupling~s!, become quasi-massless, and thus th
condense. The tree-level massless modes pick up siz
masses due to radiative corrections. On the other hand,
level quasi-particles acquire large masses; they deco
from the dynamics. As a result, a transition to a phase w
reduced~gauge! symmetry occurs. This process may repe
itself in an underlying theory with a large non-Abelian gau
symmetry. In a final transition at low temperature the syst
reaches a phase with a~spontaneously broken! discrete sym-
metry.

Specifically, for the SU(N) pure gauge theory considere
in this paper the system starts out in an ‘‘electric’’ phase.
this phase the ground state is macroscopically described
classical adjoint Higgs field which may consist of condens
calorons. It was observed in Sec. III A that the associa
ground-state solution is in agreement with asymptotic fr
dom; the Higgs field ‘‘melts’’ with increasing temperature.
the electric phase the evolution with decreasing tempera
runs into a transition to a ‘‘magnetic’’ phase. This transiti
reduces the gauge symmetry from SU(N) to U(1)N21 at
some critical temperatureTE↔M

c . In the new phase the
ground state is made of condensed magnetic monopoles
final transition atTM↔C

c ,TE↔M
c the system condenses ma

netic vortices. This reduces the continuous gauge symm
U(1)N21 to the discrete symmetry ZN. This last phase is the
confining one, see also@17# for lattice investigations of the
SU~2! case.

The present paper demonstrates that the description o
SU(N) gauge dynamics in terms of an~incomplete! classical
ground-state solution and noninteracting quasi-particles
be useful. The deviation from the Stefan-Boltzmann limit
the thermodynamic pressure measured on the lattice at l
temperature is qualitatively explained. A negative equat
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of state is inevitable for temperatures close toTM↔C
c which

can explain vacuum energy on cosmological scales bot
the very early universe and today. In the former case
explanation of the seeding of large-scale structure during
flation requires an additional light field—the curvaton@19#.
This field is generated dynamically if the underlying gau
theory has fundamentally charged, chiral fermions@20#.
Looking at the accelerated expansion of todays Universe
the light of the present paper, one would conclude that
near coincidence of the vacuum and dark matter energy d
sity is due to a gauge theory that is close to a transition to
discrete-symmetry phase.

Much remains to be done to adapt the strategy of
present paper to realistic low-energy theories such as Q
In the following we list three points which seem to be mo
urgent.

Finite N center-phase transition:The transition to the
center phase and the subsequent evolution towards one o
minima of the potential at finiteN is not accessible to a
thermodynamic treatment. Real-time calculations along
lines of Refs.@18# are needed to compute the rates of parti
number creation in the early stages of this transition and
late-time behavior of the confining phase of the system.

Radiatively induced masses for TLM modes:In the end of
the electric phase the gauge-coupling modulusueu is large
and quantum effects are explicit. The TLH gauge boso
acquire large masses and thus cease to be statistically
evant. Their quantum fluctuations induce sizable masses
the TLM gauge bosons which are expanded in orders ofe22.
An all-loop orders result for the lowest-order, (e22)0, would
be desirable.

Inclusion of fundamentally charged fermions:It is not
possible to consistently define a local quantum theory
propagating electric and magnetic charges. In our appro
however, magnetic monopoles are either decoupled du
large masses~weakly coupled regime of electric phase! or
they appear in condensed form without collective excitatio
~magnetic phase!. The situation may be problematic only fo
T↘TE↔M

c , where for a short period magnetic monopol
may be explicit degrees of freedom. Thus for a large rang
temperatures we cannot see a principle objection agains
inclusion of fundamental, chiral fermions into our approac
There are, however, a number of open questions. For
ample, gauge invariance puts no strong constraint on the
quarks couple to the respective condensates. The sim
coupling would be of the Yukawa type. The thermodynam
self-consistency of the approach then would lead to
coupled set of evolution equations. Would chiral symme
breaking and thedynamical decouplingof isolated quarks
simply be the statement that these Yukawa couplings dive
during the transition to the center phase?
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